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REMARKS ON THE PROGRESS OF CELESTIAL 
MECHANICS SINCE THE MIDDLE OF THE 
CENTURY. 


PRESIDENTIAL ADDRESS DELIVERED BEFORE 
MATHEMATICAL SOCIETY, DECEMBER 2, 


BY DR. G. W. HILL. 


Tue application of mathematics to the solution of the prob- 
lems presented by the motion of the heavenly bodies has had 
a larger degree of success than the same application in the case 
of the other departments of physics. This is probably due to 
two causes. The principal objects to be treated in the former 
case are visible every clear night, consequently the questions 
connected with them received earlier attention; while, in the 
latter case, the phenomena to be discussed must ofttimes be 
produced by artificial means in the laboratory; and the discov- 
ery of certain classes of them, as, for instance, the property of 
magnetism, may justly be attributed to accident. A second 
cause is undoubtedly to be found in the fact that the applica- 
tion of quantitative reasoning to what is usually denominated 
as physics generally leads to a more difficult department of 
mathematics than in the case of the motion of the heavenly 
bodies. In the latter we have but one independent variable, 
the time; while in the former generally several are present, 
which makes the difference of having to integrate ordinary 
differential equations or those which are partial. Thus it hap- 
pens that, while the science of astro-mechanics is started by 
Newton, that of thermal conductivity receives its first treat- 
ment, at the hands of Fourier, more than a century later. In 
addition to these two causes, ever since the discovery of the 
telescope the application of optical means to the discovery of 
whatever might be found in the heavens has always had a 
fascination for mankind. And, as the ability to co-ordinate and 
correlate the facts observed much enhances the enjoyment of 
scientific occupation, it has resulted that many who began as 
observers ended as mathematical astronomers. Thus our science 
has had relatively a large number of cultivators. 

A thoroughly satisfactory history of our subject is yet to be 
written. We have only either slight sketches of the whole, 
or elaborate treatments of special divisions of the science, and 
none of them coming down to recent times. Among the for- 
mer may be mentioned Gautier’s Essai historique sur le pro- 
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bléme des trois corps, which appeared in 1817. Also Laplace’s 
historical chapters in the last volume of the Mécanique Céleste. 
Todhunter’s History of the theories of attraction and the figure 
of the earth is an example of the latter class. Such books as 
Todhunter’s—of which Delambre has given an earlier example 
in his Histoire de l’ Astronomie —can hardly be regarded as his- 
tory; they resemble rather extensive tables of contents of the 
literature examined, accompanied by short comments. How- 
ever, in many cases, they are more useful to the student than 
formal histories would be, as, when judiciously compiled, they 
may, as epitomes in our libraries, take the place of a large mass 
of scientific literature. The History of Physical Astronomy, 
by Robert Grant, is a book that comes down to 1850, and 
professedly covers the whole of our subject. But only one 
third of this book is devoted to astro-mechanics, the rest deal- 
ing with what is really observational and descriptive astronomy. 
Moreover, the author indulges so much in diffusive veins of 
writing, that but a small fraction of the 200 pages is really 
given to purely historic statement. As far as the Lunar Theory 
is concerned, the third volume of M. Tisserand’s Traité de 
Mécanique Céleste constitutes a fair history. But it must be 
borne in mind that the author’s plan is to notice only the 
disquisitions having a first-class importance; hence his history 
is incomplete in this respect. 

In America we are not well situated for investigations of 
this character, on account of the meagreness of our libraries. 
Of no inconsiderable number of memoirs and even books, hav- 
ing at least some importance in our subject, there exist no 
copies in the United States. Hence, should an American be 
inclined to undertake the task of writing the history of our 
subject, he must at least perform some of the work abroad. 

In the present discourse it is proposed to touch very lightly 
the more important steps made since the middle of the cen- 
tury, the time at our disposal not admitting fuller treatment. 

And first we will take up Delaunay’s method, proposed for 
employment in the lunar theory, but quite readily extended to 
all classes of problems in dynamics. The first sketch of this 
method, given of course by the author himself, appeared in the 
Comptes Rendus of the Paris Academy of Sciences, in 1846. 
It professes to be merely an extract from a memoir offered for 
publication in the collections of the Academy, which must, how- 
ever, have been afterwards withdrawn to make place for the 
two volumes of the Théorie du Mouvement de la Lune. When 
this extract is compared with the earlier chapters of the latter 
work, it is perceived that Delaunay has, to some extent, mod- 
ified and improved his method in the interim between 1846 and 
1860. In this [ong period nothing appeared from the author 
on this subject. He must have been profoundly engaged in 
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applying his method to the motion of the moon. Tisserand’s 
exposition of this method is somewhat more brief than the 
author’s own. But when the necessary modifications are intro- 
duced into Delaunay’s procedures, to make them applicable to 
the more general case of the motion of a system of bodies, the 
establishment of the formulas can be rendered still more brief. 

There is one point in reference to Delaunay’s method which, 
as far as I am aware, has escaped notice. This method consists 
in a series of operations or transformations, in each of which 
the position of the moon in space is defined by six variables, 
the number three being doubled in order that the velocities, as 
well as the co-ordinates, may be expressed without differentials. 
The aim of the transformations is to make one half of these, 
which Poincaré has called the linear variables, continually 
approach constancy, while the other half, named the angular 
variables, continually approach a linear function of the time. 
But at any stage of the process the position of the moon, as 
well as its velocity, is definitely fixed by the six variables pro- 
duced by the last transformation, provided that the proper 
degree of variability is attributed to them, just as, before any 
transformation was made, the six elements of elliptic motion, 
usually denominated osculating, defined them; the point of 
difference to be noticed being that the more the transforma- 
tions are multiplied, the more complex becomes the character 
of the expression of the former quantities in terms of the 
latter. But, however great may be the number of transforma- 
tions, the series evolved have always one consistent trait, viz., 
that the angular variables are involved in them only through 
cosines or sines of linear functions of these variables, the linear 
functions being formed with integral coefficients. Now, as in 
all this work we are obliged to employ infinite series, the ques- 
tion of their convergence is an extremely important one. The 
inquiry in this respect may be divided into two parts, mainly 
independent of each other. These are, convergence as respects 
the angular variables, and convergence as respects the linear 
variables. The first part is much the more simple. Regarding 
each of the coefficients of the series we employ as a whole, that 
is, representing it by a definite integral, it is quite easily per- 
ceived that the said series are both legitimate and convergent 
when, giving the angular variables the utmost range of values, 
still no two of the bodies can occupy the same point of space. 
In the contrary case the series are evidently divergent. This 
condition affords certain limiting conditions for the values of 
the linear variables. Could we trace these limiting conditions 
through all the transformations, and obtain by comparison the 
formulas to which these tend when the number.of transforma- 
tions is made infinite, we should be in possession of the condi- 
tions of stability of motion of the system of bodies. The second 
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part of the inquiry relates to the expression of the mentioned 
coefficients by infinite series proceeding according to powers 
and products of certain parameters which are functions of the 
linear variables. It is well known that, in the case of elliptic 
elements, Laplace and Cauchy almost simultaneously showed 
that the series are convergent when the eccentricity does not 
exceed a fraction which is about two-thirds. The determina- 
tion of the conditions of convergence, after certain transforma- 
tions have been made in the signification of the elements, is 
undoubtedly a more complex problem; nevertheless, it seems 
to be within the competency of analysis as it exists at present. 

The discovery of the criterion for the convergence of series 
proceeding according to powers and products of parameters is 
due to Cauchy, and is a most remarkable contribution to the 
science of mathematics. Supposing that the parameters begin 
from zero values, this criterion amounts to saying that the 
moment the function, which the series is to represent, ceases 
to be holomorphic, or becomes infinite, that moment the series 
ceases to be convergent. Consequently, if a space, having as 
many dimensions as there are parameters in the case, be con- 
ceived, and a surface be constructed in it formed by the consen- 
sus of all the points where the considered function ceases to be 
holomorphic, then, provided the values of the parameters define 
a point within this surface, that is, on the same side where lies 
the origin, the series will be convergent. Generally this sur- 
face will be closed, and, within it, the function will not take 
infinity as its value. 

Without any mathematical reasoning the propriety of the 
principle just enunciated may be perceived. Since it is possi- 
ble for the series in powers and products to give only one value 
for the function, the moment the latter may have any one of 
several values, the series fails to give them all; and, as there 
is no reason why any particular value should be selected, the 
conclusion must be that it does not represent any of them. 
Also, it is easy to see that, when the function takes infinity as 
its value, the series fails to represent it. 

In applying this principle to the series involved in the treat- 
ment of the problem of many bodies by Delaunay’s method, it 
appears, at first sight, as if we must have some finite represen- 
tation of the coefficients in question in order to discover the 
particular points at which they cease to be holomorphic, such, 
for instance, as is given by an algebraic or transcendental equa- 
tion. But this is not imperative, as it is often possible to make 
this discovery from certain recognized properties of the func- 
tion considered, without being in possession of its form explic- 
itly or implicitly. It appears probable that, in the class of 
cases considered, the mentioned coefficients can be represented 
by multiple definite integrals, all taken between the limits 0 
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and z, the independent variables being those which have been 
denominated angular. Such functions are always holomorphic, 
provided that the expressions under the signs of integration 
are themselves holomorphic between the mentioned limits. If 
the statement just made be admitted, although it may be impos- 
sible to write explicitly the mentioned expressions, we may, 
nevertheless, be certain that they remain holomorphic, pro- 
vided that the linear variables, which may be the same as the 
parameters considered, are so restricted in their range of values 
that no matter what values the angular variables receive, no 
distance between any two bodies of the system can vanish. 
Or, in other words, that the R of Delaunay must never become 
infinite. Thus it seems probable that the conditions of con- 
vergence for Delaunay’s series are precisely identical with those 
for the stability of motion of the system. 

The series arising in Delaunay’s method, as applied to the 
moon, contain five parameters; the number would be six were 
the moon’s mass not neglected. We should also have six in the 
application of the method to two planets moving about the sun; 
however, shotld we employ the well-known functions },” of 
Laplace, the number would be reduced to five. It ought to be 
possible, therefore, after the performance of a limited number 
of operations, to assign limiting values to these parameters, 
below which the series would certainly be convergent. This 
also involves the possibility of finding limits to the errors com- 
mitted by truncating the series at a certain order of terms. 
Again, provided the time is limited to a certain interval, the 
capacity of these truncated series for representing the co-ordi- 
nates of the planets could be shown by giving superior limits 
to the errors necessarily involved. 

One more remark may be made before we leave Delaunay’s 
method. In every operation or transformation half the inte- 
grals are obtained without the intervention of the time, and 
from these solely are obtained the ranges of values for-all the 
linear variables. As no integrating divisors appear in their 
expressions, it follows that the question of stability is not 
affected in any way by the vanishing of these. Moreover, the 
presence of a libration in the angle of operation does not neces- 
sitate any change in the procedure. The integrating divisors 
which appear in the expressions for the angular variables, 
obtained through quadratures, may cause difficulty, but this 
can generally be removed by a modification of the parameters 
employed in the development of the coefficients in series. 
Beyond this it does not seem necessary to attend particularly 
to the terms which Professor Gyldén has designated as critical. 

To give a succinct idea of the scope of this method, it may 
be said that it is applicable whenever, in the system, the planets 
maintain their order of succession from the sun. In systems 
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where that undergoes change, as is the case with the group of 
minor planets, supposing their action on each other is sensible, 
it is not applicable. 

Delaunay’s method has not yet received all the developments 
and applications it is susceptible of. 

The treatise of Hansen on the shortest and most ready 
method of deriving the perturbations of the small planets was 
published in the interval 1857-1861. But as the principles on 
which it is founded had been elaborated and communicated to 
the public some years earlier, it is, perhaps, more properly to 
be assigned to the first half of the century. In consequence, I 
pass it over with this slight mention. 

Perhaps the most conspicuous labors in our subject, dur- 
ing the period of time we consider, are those of Professor 
Gyldén and M. Poincaré. We will limit our attention, for 
the remainder of this discourse, to the consideration of these 
investigations. 

Professor Gyldén began work with the methods of Hansen 
and was gradually led to modifications of them looking towards 
their use for indefinite lengths of time. This quality has lat- 
terly become imperative with him, and he has recently pub- 
lished the first volume of what is evidently intended to be a 
lengthy work entitled Traité Analytique des Orbites Absolues 
des Huit Planétes Principales. To show the drift of Professor 
Gyldén’s investigations, we cannot do better than give an 
analysis of this volume. At the outset the author introduces 
a class of curves he names periphlegmatic, that is, curves which 
surround a flame. The definition of this sort of curve is that 
it describes continually the space between two concentric 
spheres, and, at every point, turns its concavity towards the 
intersection of the radius vector with the inner sphere. In an 
application to the solar system, the sun is supposed to occupy 
the common centre of the spheres. The investigation is at 
first limited to the case where this curve is plane. A differen- 
tial equation of the second order is derived which the radius 
vector of this curve satisfies, the independent variable being 
the angle described. The perpendicular distance between the 
spheres is called the diastem. ‘The spheres are supposed to 
be drawn so that they touch the curve at the points where the 
radius becomes a maximum or minimum. Thus, in some cases, 
the spheres are regarded as fixed, in others, as movable. In 
the latter case, however, the sum of their radii is supposed to 
remain constant. Thence we have two groups of periphleg- 
matic curves; those with constant and those with variable 
diastems. The author gives examples of both these groups, in 
most cases of which the line of apsides is variable, and con- 
siders the situation and density of the points of intersection 
of these curves with themselves. 
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The idea of an absolute orbit of a planetary body is this: 
an oval symmetrical with regard to an axis movable in space. 
While the axis remains constant in length (the half of it is 
called the protometre), the velocity of its motion may vary, 
and the diastem may also vary. Professor Gyldén, however, 
admits into the expressions of these variations only terms 
whose period would become infinite did the planetary masses 
vanish. These terms he calls elementary. But elementary 
terms in the diastem and the longitude of the perihelion can 
produce terms in the co-ordinates having periods which differ 
but little from the time of revolution of the planet. These 
are also called elementary terms. But the two classes are dis- 
tinguished, the first as being of the type (A), and the second 
as of the type (B). In all the formulas relative to this matter 
the author insists on keeping the are described by the radius 
as the independent variable. 

The co-ordinates are only approximately given by the pre- 
ceding apparatus of expressions. They must then have certain 
complements added to them; these, however, are all composed 
of terms which would vanish with the planetary masses. 

In deriving the elementary terms in the radius of a planet 
through the integration of a linear differential equation of the 
second order, Professor Gyldén attaches much prize to his 
method of establishing the convergence of the series formed by 
the successive terms. As the latter are obtained through divi- 
sion by divisors of the order of the planetary masses, it might 
be feared that some of them would turn out to be very large. 
But the author prevents this by retaining in the coefficient of 
the dependent variable in the differential equation a quantity 
equivalent to the sum of the squares of all the coefficients in 
the integral. This is named the horistic or limiting function. 
It is plain such an expression could be introduced in the men- 
tioned coefficient, provided that the linear equation is the trun- 
cated form of an equation containing the cube of the variable. 
And in the problem of planetary motion the approximations 
may always be so ordered that this shall be the case. 

With regard to the co-ordinate which exhibits the departure 
of the planet from a fixed plane, Professor Gyldén does not 
greatly deviate from the procedure of Hansen in following the 
displacement of the instantaneous plane of the orbit. Only here, 
as in the preceding treatment of the radius, he would sharply 
distinguish the elementary and non-elementary terms. 

At this point is introduced certain new nomenclature. As 
before we had diastem now we have anastem to denote the prod- 
uct of the radius and the sine of the inclination; and what has 
generally been called the true argument of the latitude is here 
called the anastematic argument. Any angular magnitudes 
which are constantly moving through the circumference are 
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astronomic arguments; and when they have the same mean 
velocity of rotation they are isokinetic; and isokinetic argu- 
ments are homorhythmic when, in each revolution through the 
circumference, they always retake together the same corre- 
sponding points. In like manner, the true anomaly is the 
diastematic argument, and we have diastematic and anaste- 
matic coefficients and moduli. It will be seen from this that 
Professor Gyldén does not shrink from imposing on us the 
labor of learning new terms. 

Thus far we have been engaged in deriving the equations of 
the path followed by a heavenly body; it remains to show how 
we may find the point on that path occupied by the body at a 
given moment. There is then necessary an equation between 
the time and the variable assumed as independent, that is, the 
orbit longitude, or, more properly, the amount of angle described 
by the radius vector. If we suppose the absolute orbit to be 
described by the planet so that equal areas are passed over by 
the radius in equal times, it is plain that, on the attainment 
of a given longitude, a definite amount of time must have 
elapsed since the epoch. This is what Professor Gyldén calls 
the reduced time; and he computes the difference between it 
and the actual time required by the theory of gravity for the 
planet to arrive at the stated direction. This mode of proceed- 
ing does not differ from Hansen’s except in the point that the 
absolute orbit is substituted for a fixed ellipse. 

But this gives us correctly only the orbit longitude; for the 
radius and the latitude, which correspond in the absolute orbit 
to this reduced time, are not quite those which the planet has 
at the actual time. Consequently, Professor Gyldén proposes 
to compute two corrections, the one to be applied to the product 
of the eccentricity into the cosine of the true anomaly, the 
other to the sine of the latitude. Also the reduction of the 
orbit longitude to the plane of reference must be manipulated 
so that it comes out correctly. 

The employment of the orbit longitude as independent vari- 
able throughout all the integrations necessitates a mass of very 
intricate transformations of terms from one shape into another. 
Also the integrations which bear on elementary terms must be 
kept distinct from those which bear on non-elementary terms. 
A degree of complexity is thus imparted to the subject, which 
makes it difficult to see when one has really gathered up all 
the warp and woof of it. Professor Gyldén has nowhere re- 
moved the scaffolding from the front of his building and 
allowed us to see what architectural beauty it may possess; it 
is necessary to compare a large number of equations scattered 
through the volume before one can opine how the author means 
to proceed. 

The advantages claimed for the method are that it prevents 
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the time from appearing outside the trigonometrical functions, 
and that it escapes all criticism on the score of convergence. 
The first is readily conceded, but many simpler methods 
possessing this advantage are already elaborated, and it is not 
so clear that the second ought to be granted. 

No completely worked out example of the application of 
this method has yet been published. The great labor involved 
will naturally deter investigators from employing it. 

In 1890 was published the memoir of M. H. Poincaré, en- 
titled Sur le probleme des trois corps et les équations de la 
dynamique, and which obtained the prize of the King of 
Sweden. Most of the results of this memoir were worked 
over and presented anew with greater elaboration and clear- 
ness by their author in Les Méthodes Nouvelles de la Mécanique 
Céleste. Here we find a large number of new and very inter- 
esting theorems. 

First is to be noted the class of particular solutions in the 
problem of the motion of a system of material points which 
are now named periodic solutions. The initial relative positions 
and velocities of the several points are so adjusted that, after 
the lapse of a definite time, the latter retake them. Hence is 
evident a method which may be employed to elaborate this 
special case of motion, viz., by the tentative process with me- 
chanical quadratures. M. Poincaré has divided this sort of 
solutions into three classes, of which, however, the second and 
third are not essentially different. He has shown that, in the 
latter classes, the values of the arbitrary constants of the 
problem must be so adjusted that no secular inequalities, or, 
as Professor Gyldén calls them, elementary terms, may arise. 
The number and variety of these particular solutions is far 
greater than one would at first sight imagine. 

We come now to a second class of particular solutions named 
by the author asymptotic. It arises from the consideration of 
solutions differing very little from periodic solutions. Here 
we have to deal with linear differential equations having peri- 
odic coefficients. The integrals of these contain in their terms 
exponential factors, and on the nature of the exponents of 
these factors depends the quality of the resulting solutions. 
M. Poincaré has named these exponents characteristic. They 
are roots of an algebraic equation of a degree equal to the 
number of dependent variables involved in the question. If 
any of these roots are imaginary with real portions or wholly 
real, we are in presence of asymptotic solutions. The algebraic 
equation mentioned contains the unknown only in even powers; 
hence the characteristic exponents are in pairs having the 
same absolute value, but with contrary signs. In all the cases 
presented by astronomy, where, on account of the near ap- 
proach to circular motion, a periodic solution can be taken as 
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a first approximation, it appears that the squares of the 
characteristic exponents are all real and negative. Thus, 
there is no call here to consider this sort of solution, and 
this fact must much diminish the interest of the astronomer 
in it. M. Poincaré has, however, elaborated it with great 
pains, showing how the effect of higher powers of the devia- 
tions from the periodic solution may be taken into account. 
The series resulting are, nevertheless, divergent, as in other 
cases. 

The second volume of the Méthodes Nouvelles is devoted to 
the elaboration and consideration of various processes for de- 
veloping the integrals of planetary motion according to the 
powers of a small parameter. The chief of these are due to 
Professor Newcomb and MM. Lindstedt and Bohlin; but M. 
Poincaré has augmented the number of them by introducing 
modifications of his own. All involve the principle of recur- 
rence; that is, the first step is the only one which is indepen- 
dent, the following depend on all that precede. These methods, 
in their general aspect, do not differ from the old developments 
in powers of the disturbing force, except the operations are so 
adjusted that the time never escapes from the trigonometric 
functions. This is accomplished by greatly augmenting the 
number of the elementary arguments, and by supposing that 
the rate of motion of each of these is developable according to 
integral powers of the before-mentioned parameter, or, in some 
cases, of its square root. 

When there is more than one elementary argument, the 
series obtained in all these ways are pronounced to be generally 
divergent in the rigorous sense of the word. M. Poincaré 
brings forward several methods of proof of this. The first de- 
pends on the presence of small divisors in the expressions of 
the coefficients. However, when we do not insist on develop- 
ments in powers of a parameter, this method of proof has no 
application. Another method is derived from the principle 
that two characteristic exponents vanish for every uniform 
integral that exists. But the integrals which necessitate this 
conclusion must not only be uniform, they must be valid for 
every possible case of the problem. Now the integrals known 
as those of the conservation of living forces and of areas are 
of this nature; but the integrals derivable from the series of 
Delaunay, Newcomb, and Lindstedt are valid only for a limited 
range in the values of the linear variables. For instance, in 
the problem of the three bodies, if the deformation of the tri- 
angle formed by these bodies is such that we cannot find any 
two sides, one of which sustains to the other an invariable 
relation of greater to less, we cannot apply the mentioned 
series. And here it is well to note that the defect of con- 
vergence does not arise from the application of the processes 
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of integration, but already exists in the development of the 
perturbative function before integration commences. Thus 
Delaunay’s development of this function at the beginning of 
his lunar theory is divergent and illusory, unless we have the 
lunar radius in apogee always less than the solar radius in 
perigee, and that without regard to the mode of expressing the 
coefficients. Some of the particular integrals, relied upon by 
M. Poincaré to establish the vanishing of all the characteristic 
exponents in case we accept M. Lindstedt’s series as valid, lie, 
so to speak, on the boundary of the domain in which these 
series are convergent. 

In the third place an appeal is made to the alleged non- 
existence of analytic and uniform integrals beyond those already 
known. Were this non-existence clearly established it would 
decide the question on the side where M. Poincaré has placed 
himself. But, at least as far as the non-existence of integrals 
of this nature in a limited domain for the linear variables is 
concerned, the proof given for it is quite defective. This proof 
consists in ascertaining how these integrals, supposing them to 
exist, would behave, should we attempt to derive periodic solu- 
tions from them. It is difficult to present this matter without 
the assistance of algebraic formule; nevertheless, it may be 
attempted. Let there be a number of equations whose left 
members are formed by the product of two factors. When we 
pass to a periodic solution, one of these factors becomes zero. 
What conclusion can we draw from each of the thus modified 
equations? Evidently one of two things: either the remaining 
factor of the left member is infinite and the right member 
indeterminate, or it is finite and the right member a vanishing 
quantity. Now in case we are obliged to accept the first con- 
clusion, were it only but once, M. Poincaré has demonstrated 
the non-existence of integrals; but, granting that it is proper 
in every case to accept the latter conclusion, the demonstration 
fails. Now he declines to consider the latter alternative, saying 
that he does not believe that any problem of dynamics, pre- 
senting itself naturally, occurs where the right members of the 
mentioned equations would all vanish. But it should be borne 
in mind that, while they do not vanish in the general equations, 
the adjustment of the values of the linear parameters required 
by the passage to a periodic solution may bring about their 
vanishing. Thus, in the lunar theory, a periodic solution is 
brought about by making e=0, e'=0, and y= 0, the result 
is the vanishing of every coefficient having any of these quan- 
tities as a factor. 

M. Poincaré appeals in another place to the fact that the 
Lindstedt series, if convergent, would establish the non-existence 
of asymptotic solutions. But this observation is irrelevant for 
the reason that the domains of the two things are quite distinct. 


136 MINORS OF A SYMMETRIC DETERMINANT. [Feb. 


In any case where Lindstedt series are applicable there are no 
asymptotic solutions, and, where there are asymptotic solutions, 
Lindstedt’s series would be illusory. 

We owe much to M. Poincaré for having commenced the 
attack on this class of questions. But the mist which over- 
hangs them is not altogether dispelled; there is room for 
further investigation. 


KRONECKER’S LINEAR RELATION AMONG MINORS 
OF A SYMMETRIC DETERMINANT. 


BY PROFESSOR HENRY 8S. WHITE. 


Amone the minors of any determinant there exist well- 
known identical relations ; those of lowest order, the quadratic 
relations, being readily obtained by the expansion of a deter- 
minant in which at least one pair of rows or of columns are 
identical. If, however, the original determinant is symmetri- 
cal, there are identities of a lower order than the quadratic, the 
linear identities first formally noticed by Kronecker in 1882.* 
These linear relations, published with no hint as to the man- 
ner of their discovery, are suggestive of a certain formula in 
such constant use as to have become a commonplace in the 
transformations of the Theory of Invariants of linear substitu- 
tions. The latter formula, however, relates to products of two 
determinant-factors, while Kronecker’s is linear; but the latter 
uses double indices for the constituents, and herein lies the 
resemblance. By virtue of the ordinary process of multiplica- 
tion of two determinants, Kronecker’s theorem is easily proved 
to be a consequence from the other identity. Both are equally 
general, hence it seems likely that the earlier may have been 
the source of the later. This theory I will develop inductively, 
using for the sake of brevity determinants of three rows, and 
obtaining a typical linear relation among three-rowed minors 
of a six-rowed symmetric determinant. 

Form an array of three rows of six constituents each: 


G2 Gy As Ae 
b, bs b, bs be 
G Cy & 


* Sitzungsberichte der Berliner Akademie, 1882, p. 824. See also 
C. Runge: Die linearen Relationen zwischen den verschiedenen Subde- 
terminanten symmetrischer Systeme. Jour. fiir r. u. a. Math., vol. 93 
(1882), pp. 319-327. 
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Denote the determinant of any three columns in this array 
by the three indices in proper order, as 


% 
b, b, 6b, = (1 2 3). 
G4 & & 


The identity employed in transforming invariants will then 
be written as follows: 


(1) (123) (456)=(124)(356)+(125) (436)+(126) (453). 


The correctness of this is seen upon developing in minors 
of the first three, and of the last three rows the vanishing 
determinant : 

b, by by by bs dg 
& 
O ds Gs 
bs 


00 & & 


Multiplying the determinants of each pair in (1), column 
by column, we have in each product-determinant constituents 
all of the same form, which can be abbreviated thus: 


4,0, + bb, + cc, = 1, 4, 


or ag, +bb, + ce, = 1, k. 
Identity (1) will thus become: 

1,4 2,4 3,4) |1,3 2,3 4,3| |1,4 2,4 5,4 
(2) |1,5 2,5 2,5 4,5)4/1,3 2,3 5,3 
1,6 2,6 3,6] |1,6 2,6 4,6) |1,6 2,6 5,6 

2,4 6,4 

+/1,5 2,5 6,5 

1,3 2,3 6,3 


We may observe, from the definition of the symbol, that 
i,k=k,i. Accordingly if the 36 quantities i,k be arranged 
as a six-rowed determinant, in the order denoted by their 
double indices, that determinant will be symmetric; that is, if 


A, = A, = (aa, + 6d, + 
then, (3) Dg=|Aagl(i, k =1, 2, 3, 4, 5, 6) 


will be a symmetric determinant, of which the determinants 
in (2) above will be third minors. 


The identity (2) is a Kronecker relation among three-rowed 
minors of the six-rowed symmetric determinant D,. 


| 
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Such relations are thus derived for certain symmetric six- 
rowed determinants. D,, however, is of a highly specialized 
type; it is the discriminant of the sum of three 6-ary squares. 
Is the relation (2), established for this special type, valid for 
all symmetric determinants of six rows? It is; for it involves 
no constituent from the principal diagonal, so that the 18 
parameters of our 6 x 3 array are available for representing 
the 15 constituents = 15), lying outside the principal di- 
agonal of any given symmetric 6-rowed determinant. 

The same consideration can be relied upon in adapting this 
proof to any Kronecker relation among m-rowed minors of a 
2 m-rowed symmetric determinant, since always 


om? 


For convenience of reference, I subjoin the general form of 
this relation as enunciated by Kronecker, loc. cit. : 


| = 2 | 


i=1, 2,---,-m—1,r; k=m+1, m+2,---, r—1, m, r+1---2m 


NortTHwestern UNIVERSITY, 
Evanston, Iturnois, December 10, 1895. 


ON THE LISTS OF ALL THE SUBSTITUTION 
GROUPS THAT CAN BE FORMED WITH A 
GIVEN NUMBER OF ELEMENTS. 


BY DR. G. A. MILLER. 


T. P. Krrxman published in 1863 the first extensive list of 
all the transitive substitution groups that can be formed with 
a given number of letters. A number of interesting facts are 
associated with this list. Before entering upon its discussion 
we shall give a brief account of the more important direct 
steps towards the formation of such lists. 

Paolo Ruffini published a work* in 1799 in which we do 


* The complete title of this work in two volumes is, ‘‘ Teoria generale 
delle equazioni, in cui si dimostra impossibile la soluzione algebraica 
delle equazioni generali di grado superiore al quarto, di Paolo Ruffini,” 
Bologna, 1799. 
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not only find groups divided into transitive,* intransitive, 
primitive and non-primitive, but also an attempt to give all 
the orders of the groups that can be formed with five elements. 
This work is especially interesting because it contains some 
concepts which have been attributed to Cauchy for a long 
period of years.f 

In 1845 Augustin Cauchy published in Comptes Rendus, vol. 
21, pp. 1363-1369, lists of all the possible orders of the groups 
that can be formed with two, three, four, five, and six letters. 
He determines the orders of the intransitive, non-primitive 
and primitive groups separately. His lists contain a few orders 
for which no group of the given class exists, and the list of 
the orders of the non-primitive groups of degree six does not 
contain 36. There are no other omissions. Some theorems 
relating to group construction precede these lists. 

In 1850 J. A. Serret published in Liowville’s Journal com- 
plete lists of all the substitution groups that can be formed 
with four and with five letters. No special notation is employed, 
but the groups are written in ordinary language in the sum- 
maries on pages 52, 53 and 65-67. The facts that these lists 
are complete and that they contain the groups themselves 
instead of their orders only are evidences of a significant step 
forward even if the author confined himself to a very small 
number of letters. 

Emile Mathieu continued the lists which Cauchy began, by 
enumerating all the possible orders of groups which contain 
seven and eight letters. These lists are given in Comptes 
Rendus, vol. 46, pp. 1048 and 1208 respectively. 


Kirkman’s List. 


This is found in “Proceedings of the Literary and Philo- 
sophical Society of Manchester” (1863), vol. 3, pp. 133-152.4 
A table of corrections containing ten additional groups and 
some changes of the notation of the groups in the list is given 
by the same author on p. 172, vol. 4, of the same journal. 

We reproduce below, the first part of this list, through degree 


* Cf. Jorpan, Traité des substitutions, preface VII.; Matuizu, Comptes 
Rendus, 46, pp. 1048 and 1049. 

+ Cf. H. Burkuarnt, Schlimilch’s Zeitschrift, 1892, supplement, p. 159. 
In the same article is found a discussion of the part of Ruffini’s work 
which relates to substitution groups, pp. 133-137. We refer to this article 
for a more complete account of Ruffini’s work. 

+ The heading of the article in which this list is given is, ‘‘The com- 
plete theory of groups, being the solution of the mathematical prize ques- 
tion of the French Academy for 1860. By the Rev. Thos. P. Kirkman, 
M.A., F.R.S., and honorary member of the literary and philosophical 
societies of Manchester and Liverpool.”’ 
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four, for the purpose of adding clearness to the following 
remarks. It may be observed that the group of two letters is 
not given in the list. 


4-1=142,41, Q=3; Q=3, 
4-3=14+8,4+32, Q=1; Q=1.* 


Explanations of the notation. The first members of these 
equations give the orders of the groups. The second members 
give the enumeration of the different types of substitutions 
found in the groups. The subscripts indicate the degree of the 
cycle or cycles that compose the substitutions of the given 
type. Qstands for the number of conjugates of the group in 
the corresponding symmetric group. 

The list and the table of corrections contain all the transi- 
tive groups through degree seven with exception of the group 
of degree two mentioned above. The following six groups of 
degree eight are omitted. 


NuMBER. Grovp. 
16 (ae. bf.cg.dh)B'(abed . efgh) or 
{ (aebf . cdgh) cyc (ac. bd)(ef. gh), 
24 1 (abed . efgh) pos (ae. bg . ef. dh), 


96 1 (ae. bf. eg .dh) { (abed) x(efgh) ter, 
2 (ae. bg . ef . dh) § (abed)o(efgh),.} ter, 
192 1 § (abed) all (efgh) all} sex (ae . bf. cg. dh), 
576 1 § (abed) all (efgh) all} pos (aebf. eg . dh). 


The two given groups of order 16 are conformal ¢ and they 
have the same number of conjugates in the symmetric group 
of degree eight. It is, therefore, impossible to determine 
which of these is omitted, since Kirkman’s notation for the two 
is exactly the same. The fact that his notation involves such 
uncertainty is an objection to it. A more serious objection is 
furnished by the fact that the notation does not enable one to 
write directly the substitutions of the group. 


* The list does not contain the four-group. This is given in the table of 
corrections together with two missing groups of degree six, viz., (abcdef )12, 


and +(abcdef)o4. The list is complete for the degrees three, five, and 
seven. 

+ For brevity we use the term ‘‘conformal groups” for non-conjugate 
groups, all of whose substitutions are of the same type. Kirkman does 
not give any conformal groups in the list itself. The table of corrections, 
however, contains a group which is conformal to one in the list, viz., a 
Go. Cf. Kirkman, Mathematics from Educational Times, vol. 38, 
pp. 80, 81. 


| 
| 
| 
| 
| 
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It appears quite likely that Kirkman regarded the two given 
groups of order 16 as conjugate without going through the full 
proof. Two other omissions may be accounted for in almost 
the same way. Kirkman’s group of order 96, and the first 
group of this order given above, as well as the two positive 
transitive groups of order 192, are also conformal. In each of 
these cases the omitted group has 210 conjugates in the sym- 
metric group of degree eight, while the given group has only 
105, so that it is easy to determine which of the conformal 
groups are in the list. 

The other three omitted groups cannot be accounted for in 
the same way, since Kirkman’s notation for these groups would 
be quite distinct from that used for other groups in the list. 

It may be observed that while Kirkman omitted six transi- 
tive groups of degree eight there are twenty-four such omis- 
sions in Cayley’s list,* which was published about thirty years 
later. 

The six groups, which are not given in Kirkman’s list and 
table of corrections, have been published as follows : 

Three, those of orders 16 and 96, in Cayley’s list mentioned 
above. The other three were first published in this journal ; 
those of orders 192 and 576,f May, 1893, and the one of order 
24, April, 1894. 

For degree nine Kirkman again omitted six groups, viz. 


Orper. NuMBER. Group. 
541 (abe. eye eye (adg. bfi. ceh) 
of .gh), 
abc. def )eye(abe. ght)cye(adg. bfi.ceh)cye 
x (ad. bf.ce), 
7 1 (abed.efgh) cye (ac. ef. gh)(aci.bgh. dfe.)cye, 
108 1 [{ (abe) all (def) all} pos (gh#) all] sex 
x (adg . bfi. ceh) eye (ad . be . ef . gh), 
162 1 = §(abe) pos (def?) pos (ghi) pos + (abc) neg (def) neg 
(ghi) neg} (adg . beh . cfi) eye, 
648 1 { (abe) all (def) all (ght) all} pos x (adg . beh . cfi) eye 
(ad. be. cf). 


It is impossible to decide which one of the two groups 54, is 
given by Kirkman, for they are conformal, and one has 1120 
while the other has 3360 ari hist in the symmetric group of 


uarterly Journal of Mathematics, vol. 25, pp. 137-155. 
: These two are given in Professor Cotr’s ‘‘ Note on the substitution 
groups of six, seven, and eight letters.’? This ‘‘note’’ is also found in 
Quarterly Journal of Mathematics, vol. 26, pp. 372-376. 


| 
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degree nine. Kirkman gives 1680 as the value of Q, which is 
certainly erroneous. 

It may be well to state here that numerous errors occur in 
Kirkman’s notation for other groups, especially in the higher 
orders. He never gives any more groups of a given order than 
actually exist. It therefore seems quite likely that the errors 
in notation are due to insufficient study of the groups under con- 
sideration. This view is, perhaps, supported by the author’s 
statement in the introduction to the list, viz., “If any (transi- 
tive groups whose degree is less than 11) have escaped me, it is 
the fault, not of my method, but of my carelessness.” For 
degree ten the list is so inaccurate as to be of little value. 

In 1872, Camille Jordan gave an enumeration of the num- 
bers of primitive groups for each degree through degree seven- 
teen in Comptes Rendus, 75, p. 1757. Only two omissions have 
been published, one of degree * nine and the other of degree 
twelve.f 

About twenty years latert Askwith, who apparently was 
unacquainted with Serret’s list,§ published two articles in the 
Quarterly Journal of Mathematics || in which he endeavored 
to give all the groups for each degree from three to nine, 
together with the methods by which they may be found. He 
referred only to Serret’s work,{ although two more compre- 
hensive treatises ** had been published. 

In the following number of the same journal, Professor Cay- 
ley gave the results which Askwith had obtained, together with 
some additions, in a condensed and perspicuousform.tf In the 
introduction to this list he explains his notation and calls at- 
tention to some very important principles in group construc- 
tion. The list is very inaccurate. Twenty intransitive and 
twenty-eight transitive groups were omitted. 

Since Cayley’s notation is far superior to Kirkman’s, and 
since the corrections to Cayley’s list are published in the same 
notation as the list itself, it may be of especial interest to give 
an outline of these corrections. 


* This journal, vol. 3, p. 245. 

t Ibid. vol. 1, 2d series, p. 255. 

¢ The most important work in the line of our subject, which was 
published in this period, is that of Veronese, Annali di Mathematica (2), 
vol. 11, pp. 93-233. This contains lists of the groups of degrees 2, 3, 4, 
5, and 6, on pp. 153, 157, 158, 167, 168, 177-190, 232, 233. Both the transi- 
tive and the intransitive groups are enumerated. 

§ Cf. Quarterly Journal of Mathematics, vol. 24, p. 111. 

|| Vol. 24, pp. 111-167 and 263-331. 

q Ibid. pp. 111, 144, 270. 

** Jorpan, Traité des Substitutions, 1870, and Netro, Substitutionen- 
theorie, 1882. Caucny’s work, Exercices d’analyse, vol. 3, pp. 151-252 
(1844), is not quite as comprehensive as Serret’s. 

tt Quarterly Journal of Mathematics, vol. 25, pp. 71-88 and 137-155. 
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In the “Note on the substitution groups of six, seven, and 
eight letters,”* Professor Cole gave all the missing groups 
except two. Some errors in this note are corrected by its 
author in the Quarterly Journal.t It remains to add that in 
the enumeration at the end of the note, 199 and 48 should be 
replaced respectively by 200 and 50. The two missing groups 
were published separately in this journal.t¢ 

It is very probable that the groups through degree eight 
have been completely determined. The following enumeration 
may therefore be accepted with a great deal of confidence as 
a permanent one. 


Number of letters |2 3 4 5 6 7 
Number of groups|1 2 7 8 37 40 2 
Transitive groups |1 2 5 5 16 7 


Slo 


Through degree five Serret’s list of 1850 was complete, as 
stated before. 

The work begun by Askwith in the two articles mentioned 
above is continued in vol. 26 of the same journal. His attempt 
to determine all the transitive groups of degree nine was not 
wholly successful.§ 

All the groups of degree nine || and the transitives of de- 
grees ten{ and eleven have recently been published by Pro- 
fessor Cole, and the intransitives of degree ten ** by the author. 
From the preceding it will be seen that these enumerations 
according to degree have been pursued to the following extent. 
All the possible groups through degree ten, the transitives 
through degree eleven,ff and the primitives through degree 
seventeen have been determined. 

It should not be inferred that the enumerations accord- 
ing to degree are the only ones which have received atten- 
tion. In addition to these, there are enumerations of the 
primitive groups according to class,t¢ of simple groups 


* This journal, May, 1893; Quarterly Journal of Mathematics, vol. 26, 
pp. 372-376. 

t Vol. 27, p. 50. 

t Vol. 3, pp. 168 and 242-244. Professor Moore informed me that this 
group had been determined in practically the same manner by NoETHER, 
Mathematische Annalen, vol. 15, pp. 90-95. 

§ Cf. this journal, vol. 2, p. 250. 

|| Quarterly Journal of Mathematics, vol. 26, pp. 376-388. Cf. Ibid. 
vol. 27, p. 102, foot-note. 

q Ibid. vol. 27, pp. 39-50. Cf. this journal, vol. 1, 2d series, pp. 67-72. 

** Quarterly Journal of Mathematics, vol. 27, pp. 99-118. 

tt The transitives of degree twelve will appear in vol. 28, Quarterly 
Journal. 

tt Jorpan, Comptes Rendus, vol. 75, p. 1757; Nerro, Theory of Sub- 
stitutions (CoLE’s edition), pp. 133-138. 
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according to order,* of groups whose orders are composed 
of given kinds of factors,t of regular groups according to 
degree, ¢ etc. 


Methods of Group Construction. 


Most of the lists which have been mentioned are preceded 
by brief explanations of the methods employed by the authors, 
and references are generally given to works where more com- 
plete explanations may be found. Among the separate articles 
on this subject, special attention should be called to the two 
following: “On the construction of intransitive groups ”§ by 
Professor Bolza, and “Construction of composite groups ” || by 
Professor Holder. 

The methods of finding all the groups of a given degree may 
be divided into two great classes: (1) those by means of which 
we prove the existence of groups and find their distinguishing 
features, and (2) those by means of which we prove the non-ex- 
istence of given types of groups in certain regions. The method 
of the second class employed in the following examples has exten- 
sive application in the construction of such non-primitive groups. 

In constructing the non-primitive groups of degree ten, it is 
necessary to inquire whether there is a non-primitive group 
with five systems of two letters which is simply isomorphic to 
(abede) pos. If we interchange the systems only according to 
the substitutions of the given group in five letters and pre- 
serve the same order of the letters of the systems throughout, 
we evidently obtain (abcde. fghij) pos. The average number of 
letters in this group is eight,f/ and the average number in the 
required group is nine.{ If such a group exists, it must there- 
fore be possible to solve the Diophantine equation, 


20a + 156 = 60 (a=0, 2,4; b=0, 2). 


* HO_LpER, Mathematische Annalen, vol. 40, pp. 55-89; Cote, Ameri- 
can Journal, vol. 14, pp. 378-388, and vol. 15, pp. 303-316; Fropenius, 
Berliner Mittheilungen, 1893, pp. 221-229 ; Sitzungsberichte, 337-345. 

t Nerro, Theory of Substitutions (Core’s edition), pp. 145-149; 
Younc, American Journal, vol. 15, pp. 124-179; Cote and GLover, 
ibid. pp. 191-221 ; Héxper, Annalen, vol. 43, pp. 301-413, and G6ttinger 
Nachrichten, 1895, pp. 211-229; SyLtow, Acta Mathematica, vol. 11, pp. 
201-256; Burnsipe, Proceedings of the London Mathematical Society, 
vol. 25, pp. 9-18. 

¢t Kempe, Philosophical Transactions, vol. 177, pp. 37-43; Cay Ley, 
American Journal, vol. 11, pp. 139-157 ; Levavasseur, Comptes Rendus, 
vol. 120, pp. 822-825 and 899-903 ; vol. 121, pp. 238-240. 

§ American Journal of Mathematics, vol. 11, pp. 195-214. 

|| Mathematische Annalen, ‘‘ Bildung zusa tzter Gruppen,”’ 
pp. 321-422. A series of articles on elementary methods of group con- 
struction are now being published in the American Mathematical Monthly. 

{ Frosentvs, Crelle, vol. 101, p. 287. Cf. ‘* A simple proof of an ele- 
mentary theorem in substitutious,’’ ete. This journal, current vol., p. 76. 
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This equation depends directly upon the fact that the sub- 
stitutions of the non-primitive group must interchange all 
the systems represented by the letters of the corresponding 
substitution of (abede) pos, and leave the remaining sys- 
tems unchanged. Since the given Diophantine equation has 
clearly no solution, no non-primitive group of the required 
type exists. 

Similarly there can be no non-primitive group of degree twelve 
whose six systems of two letters correspond to the elements of 
(abedef) pos and whose base is unity unless the following equa- 


tion can be solved, 
40a +456 + = 360 
(a=0, 2, 4,6; b=0, 2,4; c=0, 2). 


This has evidently no solution. It is not necessary to examine 
the corresponding symmetric groups; for, if it is possible that 
@ non-primitive group in the given number of systems is simply 
isomorphic to either of them, its self-conjugate subgroup corre- 
sponding to the alternating group must be intransitive. This 
could, therefore, be regarded as the base, and its systems of 
intransitivity as the systems of the required non-primitive 

‘oup. 
ont ceenbed to notice a certain dual interpretation of the cle- 
ments of a non-regular primitive group. If we represent the 
subgroups which do not contain a, 6, --- by A, B,---, then will 
every substitution of the group (abc. de---) interchange these 
subgroups according to an identical substitution in the capital 
letters (ABC. DE---). We may, therefore, think of the sub- 
stitutions as interchanging the elements or as interchanging 
these subgroups. This dual interpretation is not always so 
interesting in the other groups, since there need not then be 
a 1, 1 correspondence between the elements and the capital 
letters.* 

Whenever all the capital letters stand for subgroups whose 
degree is one less than the degree of the group, such a 1, 1 cor- 
respondence must exist even if the group is intransitive or non- 
primitive. 


Lerpzic, October, 1895. 


* Cf. Moore, this journal, vol. 1, 2d series, pp. 61, 62. 
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ON CAUCHY’S THEOREM CONCERNING COMPLEX 
INTEGRALS. 


BY PROFESSOR MAXIME BOCHER. 


Tue following arrangement of the proof of Cauchy’s theo- 
rem, that the integral of a holomorphic function in a simply 
connected region is a function of the limits of integration, but 
not of the path, is more elementary than the proofs ordinarily 
met with. Like the proofs given by Goursat* and Jordan,f 
it avoids the use of double integrals or the calculus of varia- 
tions, and it has the advantage over these proofs not merely of 
brevity, but also of avoiding more or less complicated consid- 
erations of limits. The materials from which the following 
proof is built up are so familiar to all students of the theory 
of functions,t and the consequent probability that this method 
of putting them together is not unknown, is so great, that I 
should hardly have ventured to publish it, had it not seemed 
to possess peculiar pedagogical advantages. These depend, 
apart from its elementary character, on the fact that almost 
all the steps involved establish theorems, or illustrate methods, 
with which the student must become familiar sooner or later. 

The theory of integrals of a function of a complex variable 
depends, as is well known, on the theory of integrals of the 


form 
(z,¥) 
= f (Paz + Qdy), 
(a,b) 


in which P and Q are real functions of the two real variables 
x,y. We will begin with the theorem 


S being any region in the xy-plane in which P and Q are single- 
valued and have continuous first partial derivatives, a necessary 
and sufficient condition that the integral I should depend merely 
on the limits of integration is the existence in S of a single-valued 


Junction y), for which _ P, =@Q. 


For, if such a ¢ exists, Pdx + Qdy is the complete differen- 
tial of ¢, and the integral J is the limit of the sum of the 
increments of ¢, which we get in going along the path of 
integration from (a, b) to (a, y). But the sum of these incre- 
ments is $(z, y) — $(4, b), so that I is independent of the path 
of integration. Conversely, if J is independent of the path, it 


* See Harkness and Mortey’s Theory of Functions, p. 164. 

t Cours @ Analyse (2d ed.), vol. 1, p. 185. 

t See, for instance, Picarp, Traité @ Analyse, vol. 1, pp. 81-83, and 
BoussinesqQ, Cours d’ Analyse injfinitésimal, vol. 2, pp. 6-12. 
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will be itself (the lower limit (a, b) being regarded as constant) 
a function ¢(2, y) of the sort we want; for, in the first place, 
Tis now single-valued in S by hypothesis. Its increment when 
x alone changes is 

(2+Az, 


AI = (Pde + Qay). 


z,y) 


In this integral the path of integration may be taken as a 
straight line, so that y is constant. We get then 


AJ= f y)da = Ax - P(x + y), 
where 0S6<1. Dividing through by Az, and taking the limit 
7 Az approaches zero, we get or = P(a,y). Similarly, we find 
Q (a, y)- 


Obviously, then, a necessary condition that J should be inde- 
pendent of the path is that at every point of S 


A 
dy da’ 
2 
since both sides of this equation will be a It remains to 


show that this is also a sufficient condition, provided that the 
region included between the paths of integration belongs wholly 
to the region S, as would necessarily be the case if S were 
simply connected. We first prove the following: 


Lemma. — Equation (A) is a sufficient as well as a necessary 
condition for rectangular regions S whose sides are parallel to the 
axes of x and y. 


To establish this lemma, we must show that if equation (A) 
holds throughout our rectangle, a single-valued function ¢ exists 
there, such that = =——he so Q. Such a ¢ we get here again 
in the integral J itself, provided that, in order to ensure that 
I shall be a single-valued function of x, y, we agree to make 
the path of integration consist of two straight lines, —from 
(a, b) to (x, 6) and from (2, b) to (2, y). Owing to the restricted 
shape of S, these two lines will always lie wholly inS. We 
have then 


Op _ 
dy = Q(z, Y)s 


= Pa, ” ay =P, +f = 


| 
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From the lemma just proved, it follows at once that equation 
(A) is the necessary and sufficient condition that the integral 
I should vanish when taken around any closed path which lies 
within or upon the boundary of a rectangle of the sort we have 
just considered. 

We will now state the final proposition we have to prove in 
the following form: 


Whatever shape the region S may have, the sufficient as well as 
the necessary condition that the integral I taken in the positive 
direction around the complete boundary of any region S' lying 
actually within* S should be zero, is equation (A). 


To prove this, let us divide up that portion of S where S' 
lies into rectangles by lines parallel to the axes of x and y, and 
take these rectangles so small ¢ that those rectangles which lie 
partly within and partly without S’ shall lie wholly within S. 
Then S' will be divided into a number of pieces, some of which 
are rectangles, while the others are parts of rectangles. The 
integral taken in the positive direction around the complete 
boundary of S'is obviously equal to the sum of the integrals 
taken in the positive direction around the boundary of each of 
the small pieces into which we have divided S'’. But each of 
these last integrals vanishes if equation (A) holds throughout 
8, since each of the paths lies within or on the boundary of a 
rectangle of the sort considered in the preceding lemma, 
throughout which equation (A) holds. The integral taken 
around the complete boundary of S' will therefore vanish, if 
(A) holds throughout S. 

Bearing in mind that 


vi (de + idy)= (ude — vdy) + i f (ode + 
we infer at once from the proposition just proved the following 
proposition : 


u and v being single valued real functions of the real variables 
x, y in a region S of the xy-plane, and having there continuous 
Jirst partial derivatives, the necessary and sufficient condition 


that f (u + vi)(da + idy) taken around the boundary of a region 
S' which lies within S should be zero is: 


du_ a, du__av, 
dy’ dy 


* That is, the boundary of S’ must not coincide with that of § at any 

int. 

t It should be carefully noticed that these rectangles are not “ infini- 
tesimal,”’ i.e. that we are not going to allow them to decrease indefinitely. 
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It might be objected that in the above proof we assume that 
the region S' around whose boundary we integrate lies within 
another region S, throughout which the conditions of continu- 
ity and the equation (A) are satisfied. In the first place, 
however, this will be true in all cases to which we ordinarily 
apply the theorem;* and in the second place the proof can 
easily be so modified as to obviate this difficulty, at least for 
all ordinary shapes of the boundary. All we should have to 
do would be by a slight extension of the method to prove the 
lemma given above, not for rectangles with sides parallel to 
the axes of x and y, but for regions bounded by three sides of 
such a rectangle, and on the fourth side by a curve which is 
cut by no line parallel to the two parallel straight sides in 
more than one point. It will clearly be possible, in any ordi- 
nary case, to take the rectangles into which we cut up the region 
S' so small that the pieces of rectangles which occur near the 
boundary of S' shall be of this nature. 


Harvarp University, December, 1895. 


NOTES. 


A REGULAR meeting of the American MATHEMATICAL So- 
ciety was held in New York, Saturday afternoon, January 25, 
at three o’clock, the President, Dr. H1i1, in the chair. There 
were seventeen members present. One nomination for mem- 
bership was received. The report of the auditing committee, 
appointed at the preceding meeting to examine the Treasurer’s 
accounts, was presented and accepted. The following papers 
were read: 

(1) Professor Henry S. Wurre: “Kronecker’s linear rela- 
tion among the minors of a symmetric determinant.” 

(2) Professor H. Taper: “On certain sub-groups of the 
general projective group.” 

In the absence of Professor White his paper was read by 
Mr. Ling. 


Tue following mathematical courses are offered in the Uni- 
versity of Leipzig for the summer semester of the present 
year : — Professor Scheibner: Theory of numbers ; — Professor 
Neumann: Selected chapters in mathematical physics ;— 
Professor Lie: Theory of groups (continuous transformation 
groups) ; — Professor Mayer: Differential equations of dynam- 


* The only case when it would not be true would be when the path of 
integration meets a natural boundary of the function we are integrating. 
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ics; —Professor Engel: Ordinary differential equations ; — 
Dr. Scheffers: (1) Theory of surfaces; (2) Introduction to 
higher mathematics ; — Dr. Hausdorff: (1) Analytic geometry ; 
(2) Introduction to the mathematical theory of assurance. 
Owing to the illness of Professor Bruns, the astronomical 
courses have not yet been announced. 

The number of mathematical students at Leipzig (not includ- 
ing those studying mathematics as a minor) is at present 42; 
last summer it was 37, the preceding winter 25. 


Tue Royal Academy of Science and Letters of Denmark 
offers a gold medal to the author of a memoir containing a 
notable contribution to the solution of the following problem: 
To indicate the necessary and sufficient criterions to decide whether 
an algebraic equation with given numerical coefficients belongs, or 
does not belong, to the class of Abelian equations. 

In presenting the question, it is stated that notwithstanding 
the great progress of algebra in modern times, with the excep- 
tion of equations soluble by square roots, the problem to deter- 
mine whether or not a given algebraic equation of unknown 
origin admits of solution, is to-day substantially where it was 
at the beginning of the century. However, it can hardly be 
doubted that the evolution of algebra during this epoch should 
render some advancement possible and furnish, in some cases 
at least, new methods of determining whether such an equation 
is of the class soluble through the extraction of roots. 

Competitors should send their manuscripts before the end of 
October, 1896, to the Secretary of the Academy, Professor 
G. H. Zeuthen, of the University of Copenhagen. Decision will 
be rendered during the month of February following, after 
which authors may withdraw their memoirs. 


ReEporT OF THE TREASURER FOR THE YEAR 1895. 


The report which I have the honor to submit to you exhibits the re- 
ceipts and disbursements for the year ending December 27, 1895. 

In the receipts are included: 1st, the amounts received for dues and 
initiation fees for the year 1895 ; 2d, the amounts received for dues of pre- 
vious years ; 3d, the amounts received for dues of the year 1896 ; 4th, the 
amounts received from subscriptions to and sales of the Bulletin ; and 5th, 
the amounts received from subscriptions to fund for publication of papers 
presented at the Mathematical Congress of the Columbian Exposition. 

The total receipts of the Society during the past year, as shown by the 
following itemized statement, amount to $1423.26. The disbursements 
for the same period amount to $862.63. The itemized vouchers for these 
disbursements are herewith submitted in Exhibit A. 

The Society’s present cash assets, including in these a total of $192.50 
of subscriptions to the publication fund mentioned above, on deposit in 
the Fifth Avenue Bank of New York, are $1677.30. The net increase in 
assets during the past year is $560.63. 

R. S. Woopwarp, 7Jreasurer. 

New Yor«, December 27, 1895. 
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The Treasurer in Account with the American Mathematical Society. 


Dr. 
1895. 

Dec. 27. 

To balance on hand Dec. 

To cash received for dues 
and initiation fees for 


$1116.67 


the year ending Dec. 27, 

To cash received for dues 

for the year 1893...... 10.00 
To cash received for dues 

for the year 1894....... 85.00 
To cash received for dues 

for the year 1896....... 20.00 


To cash received from 
subscriptions to and 
sales of the Bulletin... 

To cash received from 
subscriptions to fund for 
publication of papers of 
Mathematical Congress 
of Columbian Exposi- 
tion 


$2539.93 


Cr. 
1895. 

Dec. 27. 

By cash paid Macmillan & 
Co. for publication of 8 
numbers of Bulletin and 
extra copies thereof ... 

By cash paid William R. 
Jenkins for stamped en- 
velopes; for printing 
notices of meetings, cir- 
culars, ballots, and 
blanks; and for sta- 

By cash paid for expenses 
of publication commit- 
tee, including clerical 
assistance, postage, ex- 
pressage, services of 
messengers, and tele- 


$556.50 


168.56 


By cash paid as contribu- 
tion of American Math- 
ematical Society to the 
New York Alliance of 
Scientific Societies. .... 

By balance on deposit in 
the Fifth Avenue Bank 
of New York, N. Y.... 1677.30 


24.00 


$2539.93 


Report oF Aupitinc CoMMITTEE. 
The Committee finds that all sums entered as receipts in the Treas- 


urer’s books are properly accounted 


for by the balance remaining to the 


Society’s credit in the bank and by proper vouchers for expenditures. 


New Yorks, January 25, 1896. 


F. N. Core, 
J. B. 
Pomeroy LabDveE. 
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NEW PUBLICATIONS. 
HIGHER MATHEMATICS. 


Cantor (M.). Vorlesungen iiber Geschichte der Mathematik. (In 3 
Banden.) Band III: Vom Jahre 1668 bis zum Jahre 1759. (In 3 
Abteilungen.) Abteilung II: Die Zeit von 1700 bis 1726. Leipzig, 
Teubner, 1896. 8vo. pp. 253-472. Mk. 6.00 


DiopHantus ALEXANDRINUS. Opera omnia cum grecis commentariis. 
Edidit et latine interpretatus est P. Tannery. Vol. II: Pseudepi- 
graphica; testimonia veterum; scholia vetera, etc. Lipsiz, ‘Teub- 
ner, 1895. 8vo. 48 and 298 pp. Mk. 5.00 

D’Ovip1o (E.). Geometria analitica. Torino, Bocca, 1896. 8vo. 16 
and 443 pp. Fr. 10.00 


Favaro (A.). Lezioni di geometria proiettiva. 3a edizione, riveduta ed 
aumentata. Padova, Sacchetti, 1895. 8vo. 8 and 260 pp. a 
Fr. 5. 


Guyor (E.). Simple exposé des relations 4 établir entre les équations et 
leurs racines. Paris, May et Motteroz, 1895. 8vo. 85 pp. 

Hermite (C.). Sur les nombres de Bernouilli. Bruxelles, 1895. 8vo. 
10 pp. Fr. 1.00 


Kovatewsky (S.). Souvenirs d’enfance, écrits par elle-méme et suivis de 
sa biographie par A. C. Leffler. Nouvelle édition. Paris, Hachette, 


1895. 16mo. 10 and 304 pp. Fr. 3.50 
Las pe Bosrepon (V.). Considérations sur l’intersection des coniques. 
Bruxelles, 1895. 8vo. 14 pp. Fr. 1.00 


Lerrier (A. C.). See Kovarewsxy (S.). 


Miter (W.). Transformationstheorie der Monge-Ampére’schen par- 
tiellen Differentialgleichungen zweiter Ordnung Hr + 2 Ks + St+ M 
+ N(rt—s?)=0. [Diss.] Leipzig, 1895. 8vo. 44 pp. 


Riemann (B.). Sur les hypothéses qui servent de fondement a la géo- 
métrie. Traduit de l’allemand par J. Hoiiel. 2e tirage. Paris, 
Hermann, 1895. 4to. Fr. 3.00 


Savuvace (L.). Théorie générale des systémes d’équations différentielles 
linéaires et homogénes. Paris, Gauthier-Villars, 1895. 4to. 184 pp. 
Fr. 6.00 

Tannery (P.). See DiopHantus ALEXANDRINUS. 


Tournots (A.). Legons complémentaires d’algébre et notions de géomé- 
trie analytique, 4 l’usage des candidats a 1’Ecole spéciale militaire 
de Saint-Cyr. Chateauroux, Majesté et Bourchardeau, 1895. 8vo. 
208 pp. Fr. 4.50 


Vorxmann (P.). Franz Neumann. *11. September, 1798, +23. Mai 
1895. Ein Beitrag zur Geschichte deutscher Wissenschaft. Dem 
Andenken an den Altmeister der mathematischen Physik gewidmete 
Blatter, unter Benutzung einer Reihe von authentischen Quellen 
gesammelt und herausgegeben. Leipzig, Teubner, 1895. 8vo. 8 
and 68 pp., portrait. Mk. 2.40 


Weser (E.). Applicazioni geometriche ed analitiche di calcolo differen- 
ziale ed integrale. Milano, Richiedi, 1895. 16mo. 264 pp. 


Fr. 3.50 
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ELEMENTARY MATHEMATICS. 


Aicarp1 (V.). Il triangolo; nozione particola reggiata di questa figura 
seguita da 740 problemi risolti. Torino, 1895. 8vo. 206 pp. 
Fr. 4.00 


BaKanDALt (G. A.). See Harrison (J.) and Bakanpatt (G. A.). 


Beman (W. W.) and Smit (D. E.). Plane and solid geometry. Bos- 
ton, Ginn, 1895. 12mo. 10 and 320 pp. $1.35 


Bourpon. Eléments d’algébre. 18e édition, revue et annotée par E. 
Prouhet. Paris, Gauthier-Villars, 1895. 8vo. 12 and 658 pp. 
Fr. 8.00 


Diesener (H.). Die Stereometrie. Praktisches Unterrichtsbuch zur 
leichten Erlernung der Kérperberechnung und der Verhiltnisse der 
Linien und Flichen im Raum. 2te Auflage. Halle, Hofstetter, 
1895. 8vo. 4 and 88 pp. Mk. 2.00 


Die ebene Trigonometrie und die Gonicmetrie. Praktisches 
Unterrichtsbuch zur leichten Erlernung der Benennungen der trigo- 
nometrischen Funktionen, etc. 2te Auflage. Halle, Hofstetter, 
1895. 8vo. 4 and 118 pp. Mk. 2.00 


Duraltty (J.). Géométrie. 9e édition, conforme aux derniers pro- 
grammes. Villefranche-de-Rouergue, Bardoux, 1895. 8vo. 432 pp. 
Fr. 5.00 


Evciip. See Tayror (H. M.). 
Ferrvucci (A.). See Serret (G. A.). 


Gamsio.1 (D.). Raccolta di esercizi di aritmetica generale, algebra e 
meccanica elementare, con parecchi esempi gia risolti; ad uso degli 
allievi dei licei, istituti technici, nautici e scuole militari. Bologna, 
Zanichelli, 1896. 16mo. 8 and 496 pp. Fr. 4.00 


Giorrrepo (A.). Sunti ragionati delle lezioni di aritmetica, geometria e 
sistema metrico, specialmente destinati alle scuole superiori, con note 
didattiche. Nuova edizione, riveduta ed ampliata. Saluzzo, Bodoni, 
1896. 16mo. 64 pp. Fr. 0. 


Harrison (J.) and Baxanpatrt (G. A.). Practical plane and solid 
geometry, with an introduction to the study of graphics. London 
and New York, Macmillan, 1895. 12mo. 192 pp. 2s. 6d. 


Howtex (J.). Tables de logarithmes 4 cing décimales pour les nombres et 
les lignes trigonométriques, suivies de logarithmes d’addition et de 
soustraction ou logarithmes de Gauss, et de diverses tables usuelles. 
Nouvelle édition, revue et augmentée. Paris, Gauthier-Villars, 1895. 
8vo. 48 and 118 pp. Fr. 2.00 


See Scur6n (L.) et Hotter (J.). 


Incrami (G.). Elementi di algebra, ad uso delle scuole secondarie supe- 
riori. Bologna, Cenerelli, 1895. 8vo. 8 and 222 pp. Fr. 3.00 


Lissen (H. B.). Ausfiihrliches Lehrbuch der ebenen und spharischen 
Trigonometrie. 16te Auflage. Leipzig, 1895. 8vo. 4 
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Mercer (C.). Lehrbuch der Gleichungen des zweiten Grades (quadra- 
tische Gleichungen) mit zwei und mehreren Unbekannten. Bear- 
beitet nach System Kleyer. Stuttgart, Maier, 1895. 8vo. 4 and 
160 pp. Mk. 4.00 


Moore (B. T.). An elementary treatise on mensuration, with numerous 
examples. 2nd edition, revised and enlarged. (Cambridge Mathe- 
matical Series.) London and New York, Macmillan, 1895. 12mo. 
306 pp. Cloth. $0.80 


NremO6tier (F.). Ein Beitrag zur Geometrie der In- und Ankreise von 
Dreiecken. Osnabriick, 1895. 8vo. 44pp. 1 plate. MK. 1.80 


Provunet (E.). See Bourpon. 


Rrgon1 (G.). Elementi di geometria, ad uso delle scuole secondarie infe- 
riori, corredati da una raccolta di circa 600 esercizi. 2da edizione. 
Bologna, Zanichelli, 1896. 16mo. 8 and 278 pp. Fr. 3.00 


Roney (T.). The student’s plane trigonometry; a comprehensive 
manual for the use of schools and colleges. New edition. London, 
Abbott, 1895. 8vo. 584 pp. 4s. 6d. 


Scurén (L.) et Hoiiex (J.). Tables de logarithmes 4 sept décimales 
pour les nombres depuis 1 jusqu’aé 108,000 et pour les fonctions trigo- 
nométriques de 10 en 10 secondes. Edition stéréotype, revue et cor- 
rigée. Paris, Gauthier-Villars, 1895. 8vo. 20 and 556 pp. ren 

Fr. 10. 


Serret (G. A.). Elementi di trigonometria piana. Prima traduzione 
italiana, con note e aggiunte di A. Ferrucci. Nuova edizione, con- 
forme ai programmi governativi dei licei, per cura di G. Tolomei. 
Firenze, Le Monnier, 1895. 8vo. 132 pp. Fr. 1.50 


Smitz (D. E.). See Beman (W. W.) and Smitu (D. E.). 


Srevens (F. H.). Elementary mensuration. London and New York, 
Macmillan, 1895. 12mo. 12 and 244 pp. Cloth. $0.90 


Taytor (H. M.). Euclid’s Elements of geometry. Books I-VI, XI, 
XII. Cambridge University Press (Macmillan), 1895. 12mo. 22 
and 658 pp. Cloth. $1.50 


(G.). See Serret (G. A.). 


APPLIED MATHEMATICS. 


(J. M.). Tratado de fisica 2a 
edicion. Madrid, 1895. 4to. 1178 pp. Cloth Fr. 25.00 


Borttzmann (L.). Vorlesungen itiber Gastheorie. Teil I: Theorie der 
Gase mit einatomigen Molekiilen, deren Dimensionen gegen die mit- 
tlere Weglange verschwinden. Leipzig, Barth, 1895. 8vo. 8 and 
204 pp. Mk. 6.00 


Cuavanne (L.). Recherches sur le pouvoir rotatoire dans les séries 
homologues. [Diss.] Genéve, 1895. 8vo. 70 pp. 


Crariana-Ricart (L.). Application de la géométrie analytiaue a la 
technie musicale. Bruxelles, 1895. 8vv. 2U pp. 1.00 
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De Benepictis (B.). I progressi della livellazione barometrica, con nuove 
tavole ipsometriche ed una carta dimostrativa degli osservatori mete- 
orologici italiani. Firenze, 1895. 8vo. 252 pp., 1 plate. Fr. 2.50 


Decovusu (J.). Partage des terrains (geéddésie agraire). 4e édition. 
Paris, 1895. 12mo. 1388 pp. Fr. 2.00 


Drixcourt (E.). Cours de physique 4 l’usage des candidats a 1’ Ecole des 
arts et manufactures, aux les Fh mines et des ponts et chaussées. 
Paris, 1896. 8vo. 8 and 560 pp. Fr. 13.00 


Dupuy et Cuenot. Barémes destinés 4 faciliter le calcul des ponts métal- 
liques & une ou plusieurs travées. Paris, 1895. 8vo. Fr. 3.00 


FEearnLey und GEELMUYDEN. Astronomische Beobachtungen und Ver- 
gleichung der astronomischen und geodatischen Resultate. Christia- 
nia, 1895. 4to. 26 and 98 pp., 1 chart. 


Francevur (L. B.). Geddésie, ou traité de la figure de la terre et de ses 
parties, comprenant la topographie, l’arpentage, le nivellement, la géo- 
morphie terrestre et astronomique, la construction des cartes, la navi- 
gation. 8e édition, augmentée de notes sur la mesure des bases par 
Hossard, et de deux notes, l’une sur la méthode et les instruments 
d’observation employés dans les grandes opérations géodésiques, 
lautre sur la jonction géodésique et astronomique de |’Espagne avec 
l’Algérie, par Perrier. Paris, Gauthier-Villars, 1895. 8vo. 12 and 
564 pp. Fr. 12.00 


Friepricn (G.). Mathematische Theorie der reichsgesetzlichen Invalidi- 
tats- und Altersversicherung. Leipzig, 1895. 8vo. 6 and 110 pp. 
Mk. 4.00 


Funrmann (A.). Die Nivellir-Instrumente, ihre Benutzung, Priifung 
und Berichtigung. Leipzig, 1895. 8vo. 6 and 54 pp. Mk. 1.25 


GLazFBRooK (R. T.). Mechanics, an elementary text-book, theoretical 
and practical. (In 3 parts.) Cambridge University Press Hareg 
millan), 1895. 8vo. 490 pp. Cloth. 8s. 6d. 


(H. von) og Tynpatt (J.). Naturvidenskabelige Fragmen- 
ter. OversatafC. Juul. Kjébenhavn, 1895. 8vo. 220pp. Mk. 3.00 


Hossarp. See Francevr (L. B.). 
Juut (C.). See (H. von) og (J.). 


Korn(A.). Ueber die Bewegung kontinuierlicher Massensysteme. [Habi- 
litationsschrift.] Miinchen, 1895. 8vo. 50 pp. 


LaveEnsTEIN (R.). Die Festigkeitslehre. 3te Auflage. Stuttgart, 1895. 
8vo. Mk. 3.00 


L6FFELHOLz von CoLBeRG (C.). Die Drehungen der Erdkruste in geo- 
logischen Zeitraumen. Ein neuer geologisch-astronomischer Lehrsatz. 
2te Auflage. Miinchen, 1895. 8vo. 8 and 248 pp. Mk. 5.00 


Lynen (W.). Die Berechnung der Centralregulatoren. Berlin, Springer, 
1895. 8vo. 6 and 112 pp., 6 plates. Cloth. Mk. 4.00 


MENSBRUGGHE (G. VAN DER). See Tumutrz (0.). 


Monprin1 (E.). Aritmetica applicata all’ amministrazione. Como, 1895. 
8vo. 192 pp. Fr. 3.00 
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Nipuer (F. E.). Electricity and magnetism. A mathematical treatise 
for advanced undergraduate students. St. Louis, 1895. 12mo. 
438 pp. Cloth. 


Perrier. See Francevr (L. B.). 


Pitter (S.). Traité de stabilité des constructions. professées 
au Conservatoire national des arts et métiers et a 1’Ecole spéciale 
d’architecture. Bar-le-Duc, Comte-Jacquet, 1895. 4to. 4 and 484 
and 56 pp. 


Prance (0.). Die Theorie des Versicherungswertes in der Feuerversi- 
cherung. (In 3 Teilen.) Teil I: Die Theorie in historischer Ent- 
wickelung. Jena, 1895. 8vo. 10 and 166 pp. Mk. 3.00 


RoseNBERGER (F.). Isaac Newton und seine physikalischen Principien. 
Ein Hauptstiick aus der Entwickelungsgeschichte der modernen 
Physik. Leipzig, Barth, 1895. 8vo. 6 and 536 pp. MK. 13.50 


ScuwartzeE (T.). Grundgesetze der Molekularphysik. Leipzig, 
1895. 8vo. 16and 210 pp. k. 4.00 


Tuompson (S. P.). Dynamo-electric machinery ; a manual for students 
of electro-technics. 5th edition, revised. London, Spon, 1895. 8vo. 
846 pp. 24s. 


Tuomson (W.S.). Exercises in statistical calculations, or digesting re- 
turns into summaries. Aberdeen, 1895. 8vo. 80 pp. 1s. 6d. 


Toomer (G.) e VessicHELu (G.). Elettricita e magnetismo. Trattato 
teorico-pratico. Vol. II. Firenze, 1895. 8vo. 434 pp. Fr. 6.00 


Tumutrz (O.). Théorie électromagnétique de la lumiére. Traduit par 
G. van der Mensbrugghe. Paris, Hermann, 1894. 8vo. 16 and 
158 pp. Fr. 5.00 


Tynpatt (J.). See Hetmnortz (H. von) og (J.). 


Vascny (A.). Théorie de l’électricité; exposé des phénoménes élec- 
triques et magnétiques, fondé uniquement sur l’expérience et le raison- 
nement. Paris, Baudry, 1896. 8vo. 12 and 334 pp. Fr. 20.00 


VessicHELL (G.). See Totomer (G.) e VEssICHELLI (G.). 


Wiiitxer (A.). Lehrbuch der Experimentalphysik. Vol. II: Die Lehre 
von der Warme. 5te Auflage. Leipzig, Teubner, 1896. 8vo. 12 
and 936 pp. Mk. 12.00 


